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Last week: 3 key components in 3D

Camera 
(Motion)Correspondences

3D Points 
(Structure)



Coordinate frames + Transforms

World coordinates Camera coordinates Image coordinates

Figure credit: Peter Hedman

Extrinsics (R, T)

Orientation + Location of 
the camera in the World

Intrinsics (K)

How the camera maps a 
point in 3D to image



Camera: Specifics
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Slide inspired by Shree Nayar

Image Coordinates
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Camera Coordinates
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World Coordinates
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Image Coordinates
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Camera Transformation (3D-to-3D)

<latexit sha1_base64="ueTRQPW991wMgdeOCPU9iFTVnAA="></latexit>2
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Camera Coordinates
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Image Coordinates
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Perspective Projection
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Image Plane to Image Sensor Mapping

1. Scale: For pixel density (pixel/mm) & aspect ratio:                

2. Shift: In an image, top left corner is the origin. But in the image plane, 
the origin is where the optical axis pierces the plane! Need to shift by:

<latexit sha1_base64="XXAsF1l7Yabq930UJknOOOF8Yco="></latexit>

[mx,my]

<latexit sha1_base64="IyZVqHoqv34JVpOCXWjrqAjhbPo="></latexit>

(ox, oy)

<latexit sha1_base64="NT+cN/3vJd2PSp5attghZme8Dl4="></latexit>
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<latexit sha1_base64="OG6bySSRaLTCe3UsbvCbr1bFQCw="></latexit>
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Putting it all together, pixel coordinates:
<latexit sha1_base64="uJhtmzTsutmoWllylm+5ZghxiGI="></latexit>

[fx, fy] = [mxf,myf ]where

<latexit sha1_base64="fz+hfrowEbDCTUhA8MQZmqxQb2c=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARBKHMSFE3QtGNywr2Ae0wZNJMG5rHkGSkpdSNv+LGhSJu/Qt3/o1pOwttPXDh5Jx7yb0nShjVxvO+ndzS8srqWn69sLG5tb3j7u7VtUwVJjUsmVTNCGnCqCA1Qw0jzUQRxCNGGlH/ZuI3HojSVIp7M0xIwFFX0JhiZKwUugdpSOEV5OEAtnvIwIF9nkIZDkK36JW8KeAi8TNSBBmqofvV7kicciIMZkjrlu8lJhghZShmZFxop5okCPdRl7QsFYgTHYymF4zhsVU6MJbKljBwqv6eGCGu9ZBHtpMj09Pz3kT8z2ulJr4MRlQkqSECzz6KUwaNhJM4YIcqgg0bWoKwonZXiHtIIWxsaAUbgj9/8iKpn5X881L5rlysXGdx5MEhOAInwAcXoAJuQRXUAAaP4Bm8gjfnyXlx3p2PWWvOyWb2wR84nz8kNpVs</latexit>

ui = mxx̂i + ox

<latexit sha1_base64="/74qFfwJAut3r9U1BmVssPBd+YA=">AAACHXicbVDLSsNAFJ3UV42vqEs3g6UgKCWRom6EohuXFewD2hAm00k7dDIJMxNpCP0RN/6KGxeKuHAj/o3TNovaemDg3HPu5c49fsyoVLb9YxRWVtfWN4qb5tb2zu6etX/QlFEiMGngiEWi7SNJGOWkoahipB0LgkKfkZY/vJ34rUciJI34g0pj4oaoz2lAMVJa8qxqOfEovIahN4LdAVJwpMtTGHkjc1460w3prEo96lklu2JPAZeJk5MSyFH3rK9uL8JJSLjCDEnZcexYuRkSimJGxmY3kSRGeIj6pKMpRyGRbja9bgzLWunBIBL6cQWn6vxEhkIp09DXnSFSA7noTcT/vE6igis3ozxOFOF4tihIGFQRnEQFe1QQrFiqCcKC6r9CPEACYaUDNXUIzuLJy6R5XnEuKtX7aql2k8dRBEfgGJwAB1yCGrgDddAAGDyBF/AG3o1n49X4MD5nrQUjnzkEf2B8/wJ8QZ+7</latexit>

mxx̂i,my ŷi

<latexit sha1_base64="9k9+1/W2dSTWW4KjAVqlVhMXsDw=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIQpmRom6EohuXFewD2mHIpJk2NI8hyUjr0I0bf8WNC0Xc+g/u/BvTx0JbD9zL4Zx7Se6JEka18bxvZ2FxaXllNbeWX9/Y3Np2d3ZrWqYKkyqWTKpGhDRhVJCqoYaRRqII4hEj9ah3PfLr90RpKsWdGSQk4KgjaEwxMlYK3YNLyMN+DFuxQjjrh3iYPdgGT6AM+6Fb8IreGHCe+FNSAFNUQver1ZY45UQYzJDWTd9LTJAhZShmZJhvpZokCPdQhzQtFYgTHWTjK4bwyCptGEtlSxg4Vn9vZIhrPeCRneTIdPWsNxL/85qpiS+CjIokNUTgyUNxyqCRcBQJbFNFsGEDSxBW1P4V4i6yeRgbXN6G4M+ePE9qp0X/rFi6LRXKV9M4cmAfHIJj4INzUAY3oAKqAINH8AxewZvz5Lw4787HZHTBme7sgT9wPn8AlmOYAg==</latexit>

= mxf
xc

zc
+ ox



With homogeneous coordinates

<latexit sha1_base64="Ar+RgUnQrqpeJLdmjZsjTr99Woc="></latexit>2

4
u
v
1

3

5 ⌘

2

4
ũ
ṽ
w̃

3

5 =

2

4
fx 0 ox 0
0 fy oy 0
0 0 1 0

3

5

2

4
xc

yc
zc

3

5

<latexit sha1_base64="NT+cN/3vJd2PSp5attghZme8Dl4="></latexit>

vi = fy
yc
zc

+ oy
<latexit sha1_base64="OG6bySSRaLTCe3UsbvCbr1bFQCw="></latexit>

ui = fx
xc

zc
+ ox

Perspective projection + Transformation to Pixel Coordinates:

Intrinsic Matrix



Putting it all together

f

x’i

y’i

Image 
Plane

z’w

y’w

x’w
Xc

z’c

y’c

x’c

pinhole

XwP

xi

Slide inspired by Shree Nayar

Image Coordinates
<latexit sha1_base64="Di4UcbFkaSMjxqkparpkF3Lopr4=">AAACI3icbVDLSgNBEJyN7/UV9ehlMAiewq4EFUEIevEYwSRCNoTZSW8cMju7zPRKwpJ/8eKvePGgiBcP/ouTB+KrYJiiqpvurjCVwqDnvTuFufmFxaXlFXd1bX1js7i13TBJpjnUeSITfRMyA1IoqKNACTepBhaHEpph/2LsN+9AG5Goaxym0I5ZT4lIcIZW6hRPA4QBhlE+GHUEPaNBCD2h8jBmqMVg5A6sGgTucPoFoLpfXqdY8sreBPQv8WekRGaodYqvQTfhWQwKuWTGtHwvxXbONAouYeQGmYGU8T7rQctSxWIw7Xxy44juW6VLo0Tbp5BO1O8dOYuNGcahrbT73Zrf3lj8z2tlGJ20c6HSDEHx6aAokxQTOg6MdoUGjnJoCeNa2F0pv2WacbSxujYE//fJf0njsOwflStXlVL1fBbHMtkle+SA+OSYVMklqZE64eSePJJn8uI8OE/Oq/M2LS04s54d8gPOxydbCKS3</latexit>

xi =


xi

yi

�
Camera Coordinates

<latexit sha1_base64="YHjYLAQz/FCOehR1mveQPS0e8yQ=">AAACJ3icbVDLSsNAFJ34Nr6qLt0MFsFVSUTUjSK6cVnB1kJTwmR6UwcnkzBzI62hf+PGX3EjqIgu/ROnD8TXgWEO59zLvfdEmRQGPe/dmZicmp6ZnZt3FxaXlldKq2t1k+aaQ42nMtWNiBmQQkENBUpoZBpYEkm4jK5PB/7lDWgjUnWBvQxaCesoEQvO0Eph6ShA6GIUF41+yOkhDSLoCFVECUMtun23a9UgcHuj7zbkbgCq/eWHpbJX8Yagf4k/JmUyRjUsPQXtlOcJKOSSGdP0vQxbBdMouIS+G+QGMsavWQealiqWgGkVwzv7dMsqbRqn2j6FdKh+7yhYYkwviWyl3e/K/PYG4n9eM8f4oFUIleUIio8GxbmkmNJBaLQtNHCUPUsY18LuSvkV04yjjda1Ifi/T/5L6jsVf6+ye75bPj4ZxzFHNsgm2SY+2SfH5IxUSY1wckceyDN5ce6dR+fVeRuVTjjjnnXyA87HJ951pfM=</latexit>

Xc =

2

4
xc

yc
zc

3

5

World Coordinates
<latexit sha1_base64="Ayc03OcO2T+T5N55INZlUZIp7No=">AAACJ3icbVDLSsNAFJ34Nr6qLt0MFsFVSUTUjSK6calgtdCUMJne1MHJJMzc2NbQv3Hjr7gRVESX/onTB+LrwDCHc+7l3nuiTAqDnvfujI1PTE5Nz8y6c/MLi0ul5ZULk+aaQ5WnMtW1iBmQQkEVBUqoZRpYEkm4jK6P+/7lDWgjUnWO3QwaCWspEQvO0Eph6SBA6GAUF7Ve2Kb7NIigJVQRJQy16PTcjlWDwO0Ov9uw7Qagml9+WCp7FW8A+pf4I1ImI5yGpaegmfI8AYVcMmPqvpdho2AaBZfQc4PcQMb4NWtB3VLFEjCNYnBnj25YpUnjVNunkA7U7x0FS4zpJpGttPtdmd9eX/zPq+cY7zUKobIcQfHhoDiXFFPaD402hQaOsmsJ41rYXSm/YppxtNG6NgT/98l/ycVWxd+pbJ9tlw+PRnHMkDWyTjaJT3bJITkhp6RKOLkjD+SZvDj3zqPz6rwNS8ecUc8q+QHn4xNgmKZD</latexit>

Xw =

2

4
xw

yw
zw

3

5

Extrinsics: Coordinate 
Transformation

Intrinsics: Perspective 
Projection & pixel conversion

<latexit sha1_base64="ueTRQPW991wMgdeOCPU9iFTVnAA="></latexit>2

664

xc

yc
zc
1

3

775 =


R3⇥3 t
01⇥3 1

�
2

664

xw

yw
zw
1

3

775

<latexit sha1_base64="Ar+RgUnQrqpeJLdmjZsjTr99Woc="></latexit>2
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v
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ṽ
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Projection Matrix
<latexit sha1_base64="PptsmnJl0F5u2q9Nc6HGaOtinYc="></latexit>2

4
u
v
1

3

5 ⌘

2

4
ũ
ṽ
w̃

3

5 =

2

4
fx 0 ox 0
0 fy oy 0
0 0 1 0
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5

R3⇥3 t
01⇥3 1

�
2

664

xw

yw
zw
1

3

775

3 x 4 Projection matrix
What’s the Degrees of Freedom?For completeness, we need to 

add skew (this is 0 unless pixels 
are shaped like 
rhombi/parallelograms)

<latexit sha1_base64 ="C1l+9UkHbdCt9faXlH8ZqyKYcoM="></latexit>

K =

2

4
fx s ox 0
0 fy oy 0
0 0 1 0

3

5 11 unknowns (up to scale)

Intrinsics: 4 + 1 (skew)
Extrinsic: 3 + 3 = 6



Fundamental Scale Ambiguity

scale by some factor S

Camera

Reconstruction is only possible up to global scale
Scaling the world & camera doesn’t change the 
projection
Unless you know something metric about the scene

e.g. surfboard is 2.1m

Camera



Exercises



Going from World to Camera
Camera Coordinates

Extrinsic Matrix:
<latexit sha1_base64="ueTRQPW991wMgdeOCPU9iFTVnAA="></latexit>2

664

xc

yc
zc
1

3

775 =


R3⇥3 t
01⇥3 1

�
2

664

xw

yw
zw
1

3

775
<latexit sha1_base64="jDpxYsLJlkWQLvgNu5sC9ZI/okA=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWol6EohePFfqF7VKyabYNzWaXJKuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749uZ335kSvNINswkZl5IhpIHnBJjpYdGP32q0Cm+xv1iySk7c+BV4makBBnq/eJXbxDRJGTSUEG07rpObLyUKMOpYNNCL9EsJnRMhqxrqSQh0146v3iKz6wywEGkbEmD5+rviZSEWk9C33aGxIz0sjcT//O6iQmuvJTLODFM0sWiIBHYRHj2Ph5wxagRE0sIVdzeiumIKEKNDalgQ3CXX14lrUrZvShX76ul2k0WRx5O4BTOwYVLqMEd1KEJFCQ8wyu8IY1e0Dv6WLTmUDZzDH+APn8Aa0qQGw==</latexit>

Tw2c =

<latexit sha1_base64="fjrTw7SNBc2Bcw28d6u0+BHEX/E=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBCswm4IaiMEbSwj5AXJssxOZpMhsw9m7hrDkt7GX7GxUMTWH7Dzb5wkW8TEAxcO59zLvfd4seAKLOvHWFvf2Nzazu3kd/f2Dw7No+OmihJJWYNGIpJtjygmeMgawEGwdiwZCTzBWt7wduq3HphUPArrMI6ZE5B+yH1OCWjJNQtdYI/g+Wl74lJ8jetuOirTyYI6cs2iVbJmwKvEzkgRZai55ne3F9EkYCFQQZTq2FYMTkokcCrYJN9NFIsJHZI+62gakoApJ539MsFnWulhP5K6QsAzdXEiJYFS48DTnQGBgVr2puJ/XicB/8pJeRgnwEI6X+QnAkOEp8HgHpeMghhrQqjk+lZMB0QSCjq+vA7BXn55lTTLJfuiVLmvFKs3WRw5dIoK6BzZ6BJV0R2qoQai6Am9oDf0bjwbr8aH8TlvXTOymRP0B8bXL104m0Y=</latexit>

Xc = Tw2cXw

World Coordinates
<latexit sha1_base64="pUETYitKU9HVMTOp1KuE9O4chJk="></latexit>

Xw =

2

664

xw

yw
zw
1

3

775

<latexit sha1_base64="8aEas1Z2qsenfBdIJU7Je+RycV0="></latexit>

Xc =

2

664

xc

yc
zc
1

3

775



Going from Camera to World
Camera Coordinates

<latexit sha1_base64="ueTRQPW991wMgdeOCPU9iFTVnAA="></latexit>2

664

xc

yc
zc
1

3

775 =


R3⇥3 t
01⇥3 1

�
2

664

xw

yw
zw
1

3

775

Extrinsic Matrix:

<latexit sha1_base64="jDpxYsLJlkWQLvgNu5sC9ZI/okA=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWol6EohePFfqF7VKyabYNzWaXJKuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749uZ335kSvNINswkZl5IhpIHnBJjpYdGP32q0Cm+xv1iySk7c+BV4makBBnq/eJXbxDRJGTSUEG07rpObLyUKMOpYNNCL9EsJnRMhqxrqSQh0146v3iKz6wywEGkbEmD5+rviZSEWk9C33aGxIz0sjcT//O6iQmuvJTLODFM0sWiIBHYRHj2Ph5wxagRE0sIVdzeiumIKEKNDalgQ3CXX14lrUrZvShX76ul2k0WRx5O4BTOwYVLqMEd1KEJFCQ8wyu8IY1e0Dv6WLTmUDZzDH+APn8Aa0qQGw==</latexit>

Tw2c =

World Coordinates
<latexit sha1_base64="pUETYitKU9HVMTOp1KuE9O4chJk="></latexit>

Xw =

2

664

xw

yw
zw
1

3

775

<latexit sha1_base64="8aEas1Z2qsenfBdIJU7Je+RycV0="></latexit>

Xc =

2

664

xc

yc
zc
1

3

775

<latexit sha1_base64="31YO760ewd6ER4EJ9QcQCQTIMBI="></latexit>

T�1
w2cXc = Xw

<latexit sha1_base64="31YO760ewd6ER4EJ9QcQCQTIMBI="></latexit>

T�1
w2cXc = Xw



Where is the camera center in 
the world?

<latexit sha1_base64="31YO760ewd6ER4EJ9QcQCQTIMBI="></latexit>

T�1
w2cXc = Xw

<latexit sha1_base64="fjrTw7SNBc2Bcw28d6u0+BHEX/E=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBCswm4IaiMEbSwj5AXJssxOZpMhsw9m7hrDkt7GX7GxUMTWH7Dzb5wkW8TEAxcO59zLvfd4seAKLOvHWFvf2Nzazu3kd/f2Dw7No+OmihJJWYNGIpJtjygmeMgawEGwdiwZCTzBWt7wduq3HphUPArrMI6ZE5B+yH1OCWjJNQtdYI/g+Wl74lJ8jetuOirTyYI6cs2iVbJmwKvEzkgRZai55ne3F9EkYCFQQZTq2FYMTkokcCrYJN9NFIsJHZI+62gakoApJ539MsFnWulhP5K6QsAzdXEiJYFS48DTnQGBgVr2puJ/XicB/8pJeRgnwEI6X+QnAkOEp8HgHpeMghhrQqjk+lZMB0QSCjq+vA7BXn55lTTLJfuiVLmvFKs3WRw5dIoK6BzZ6BJV0R2qoQai6Am9oDf0bjwbr8aH8TlvXTOymRP0B8bXL104m0Y=</latexit>

Xc = Tw2cXw
<latexit sha1_base64="7PmLUE+DlmERn5ywrAPLXle4+jQ="></latexit>

Xc = RXw + T
<latexit sha1_base64="ZnIlQdFBuwYhSUj6C/2QliQRU3o="></latexit>

RT (Xc � T ) = Xw

<latexit sha1_base64="SvCDXJbwLhfM3jGHMnaAgRtiQ88="></latexit>

RT (~0� T ) = Cw
<latexit sha1_base64="7dzXobJr6VGC0mX5TDEB2gGN85k="></latexit>

Cw = �RTT

Set Xc to zero (origin in camera = camera center)

Now you can derive Camera to World transform as well



Camera to Image
Camera Coordinates

<latexit sha1_base64="8aEas1Z2qsenfBdIJU7Je+RycV0="></latexit>

Xc =

2
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Image Coordinates<latexit sha1_base64="PptsmnJl0F5u2q9Nc6HGaOtinYc="></latexit>2
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ṽ
w̃

3

5 =

2

4
fx 0 ox 0
0 fy oy 0
0 0 1 0

3

5

R3⇥3 t
01⇥3 1

�
2

664

xw

yw
zw
1

3

775
<latexit sha1_base64="AKmjda6J1y98IvoIGdOMXD9MibM=">AAACzXicbVLPT9swFHYyNlj2q9uOXCwqJC6rEoQGFyQEl2mXMYlCpaZEzutLsXCcyHbWhiy77v/bbff9IbhNQF3Lkyx//t73Pj//iHPBtfH9v477bOP5i82tl96r12/evuu8/3Cps0IB9iETmRrETKPgEvuGG4GDXCFLY4FX8e3ZPH/1A5XmmbwwZY6jlE0kTzgwY6mo8283NDgzcVIN6gjoMb2Iquk+1Evs1FvWTK0mjHHCZR WnzCg+q+nMsmFIy2a6a6YgRDl+1Hir+6x7QOMBjQc85dE2d119CupVv+WGHxazOuI2F3W6fs9fBF0HQQu6pI3zqPMnHGdQpCgNCKb1MPBzM6qYMhwE1l5YaMwZ3LIJDi2ULEU9qhavUdNdy4xpkik7pKELdrmiYqnWZRpbpT3YjV7NzcmncsPCJEejisu8MCih2SgpBDUZnT8tHXOFYERpAQPFba8UbphiYOwH8OwlBKtHXgeX+73gc+/g+0H35LS9ji2yTXbIHgnIITkhX8g56RNwvjq5Uzp37je3cH+6vxqp67Q1H8l/4f6+B0B33+c=</latexit>xi =

<latexit sha1_base64="pj0ibLKY/JyZ/gp6s9+RQ2Zd9so="></latexit>

xi = KXc

Intrinsic Matrix:
<latexit sha1_base64="xyzk9P/F5XK+WV7P856zupZVwqg="></latexit>

K =

2

4
fx 0 ox 0
0 fy oy 0
0 0 1 0

3

5



Image to Camera?
Camera Coordinates

<latexit sha1_base64="8aEas1Z2qsenfBdIJU7Je+RycV0="></latexit>

Xc =

2
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Image Coordinates<latexit sha1_base64="PptsmnJl0F5u2q9Nc6HGaOtinYc="></latexit>2
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<latexit sha1_base64="AKmjda6J1y98IvoIGdOMXD9MibM=">AAACzXicbVLPT9swFHYyNlj2q9uOXCwqJC6rEoQGFyQEl2mXMYlCpaZEzutLsXCcyHbWhiy77v/bbff9IbhNQF3Lkyx//t73Pj//iHPBtfH9v477bOP5i82tl96r12/evuu8/3Cps0IB9iETmRrETKPgEvuGG4GDXCFLY4FX8e3ZPH/1A5XmmbwwZY6jlE0kTzgwY6mo8283NDgzcVIN6gjoMb2Iquk+1Evs1FvWTK0mjHHCZR WnzCg+q+nMsmFIy2a6a6YgRDl+1Hir+6x7QOMBjQc85dE2d119CupVv+WGHxazOuI2F3W6fs9fBF0HQQu6pI3zqPMnHGdQpCgNCKb1MPBzM6qYMhwE1l5YaMwZ3LIJDi2ULEU9qhavUdNdy4xpkik7pKELdrmiYqnWZRpbpT3YjV7NzcmncsPCJEejisu8MCih2SgpBDUZnT8tHXOFYERpAQPFba8UbphiYOwH8OwlBKtHXgeX+73gc+/g+0H35LS9ji2yTXbIHgnIITkhX8g56RNwvjq5Uzp37je3cH+6vxqp67Q1H8l/4f6+B0B33+c=</latexit>xi =

<latexit sha1_base64="9GqwBEUPAqFPavPaCrIHyRiv3qY="></latexit>

u = fx
xc

zc
+ ox

<latexit sha1_base64="P60xYGNvOxRk4+MnjvL2ZlD0lYg="></latexit>

x =
z

fx
(u�ox)

What’s the problem? 

Intrinsic Matrix:
<latexit sha1_base64="xyzk9P/F5XK+WV7P856zupZVwqg="></latexit>

K =

2

4
fx 0 ox 0
0 fy oy 0
0 0 1 0

3

5



We don’t know the depth! 
but we know it will be: 

z’c

y’c

x’c

on the ray!

Image Plane

Camera coord frame

(u,v)

Ray

Slide credit: Shree Nayar

<latexit sha1_base64="9GqwBEUPAqFPavPaCrIHyRiv3qY="></latexit>

u = fx
xc

zc
+ ox

<latexit sha1_base64="0hRcwOspYvYCDTbUM20MMzSahEc="></latexit>

v = fy
yc
zc

+ oy
3D to 2D:

(point)

2D to 3D:
(ray)

Back projection

<latexit sha1_base64="P60xYGNvOxRk4+MnjvL2ZlD0lYg="></latexit>

x =
z

fx
(u�ox)

<latexit sha1_base64="YnCN1tNv5YdoNAuh5WsWpgCdXLk="></latexit>

y =
z

fy
(v�oy)

<latexit sha1_base64="xxJG7lF7OMoPa2KjYiKA7tS6hGU="></latexit>

z > 0



What is your coordinate space?

• In Project 5 (and in life) always make sure 
you’re in the right coordinate space.

• eg. Which space is the ray defined in?

2D to 3D:
(ray)

Back projection

<latexit sha1_base64="P60xYGNvOxRk4+MnjvL2ZlD0lYg="></latexit>

x =
z

fx
(u�ox)

<latexit sha1_base64="YnCN1tNv5YdoNAuh5WsWpgCdXLk="></latexit>

y =
z

fy
(v�oy)

<latexit sha1_base64="xxJG7lF7OMoPa2KjYiKA7tS6hGU="></latexit>

z > 0



Watch these 5 min videos

https://www.youtube.com/watch?v=F5WA26W4JaM
https://www.youtube.com/watch?v=g7Pb8mrwcJ0

https://www.youtube.com/watch?v=F5WA26W4JaM
https://www.youtube.com/watch?v=g7Pb8mrwcJ0


Calibration: What are my cameras?



Problem Setup

What are the Extrinsic and Intrinsic 
matrices for each camera?



How to calibrate the camera?
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If we know the points in 3D we can estimate the camera!!



Problem setup: Camera Calibration

Camera 
(Motion)Correspondences

3D Points 
(Structure)

KNOWN
UNKNOWN

KNOWN



Step 1: With a known 3D object

1. Take a picture of an object with known 3D 
geometry

Slide from Shree Nayar

2. Identify correspondences

y’w
x’w



How do we calibrate a camera?

312.747 309.140 30.086
305.796 311.649 30.356
307.694 312.358 30.418
310.149 307.186 29.298
311.937 310.105 29.216
311.202 307.572 30.682
307.106 306.876 28.660
309.317 312.490 30.230
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Method: Set up a linear system

• Solve for m’s entries using linear least squares
Ax=0 form
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Just like how you 
solved for 
homography!



Can we factorize M back to K [R | T]?
• Yes. 
• Why? because K and R have a very special 

form:

• QR decomposition
• Practically, use camera calibration packages 

(there is a good one in OpenCV)

<latexit sha1_base64="SejqVDV2wZj/IB0qj39QLvnA/Vk="></latexit>

K =

2

4
fx s ox
0 fy oy
0 0 1

3

5

<latexit sha1_base64="GyH/tqG0SAQ78BXIG92oFHkn1rM="></latexit>2

4
r11 r12 r13
r21 r22 r23
r31 r32 r33

3

5



Now that our cameras are 
calibrated, can we find the 
3D scene point of a pixel?



Estimating depth with stereo

• Stereo: shape from “motion” between two views
• We’ll need to consider:

• 1. Camera pose (“calibration”)
• 2. Image point correspondences 

scene point

optical 
center

image plane



Two cameras, simultaneous 
views

Single moving camera and 
static scene

Stereo vision



Simple Stereo Setup

Key Idea: difference in corresponding points to understand shape

• Assume parallel optical axes
• Two cameras are calibrated
• Find relative depth

Slide credit: Noah Snavely



We are equipped with binocular vision. 
Let’s try!



Solving for Depth in Simple Stereo

f

X

ul ur

B

z?

disparity
(how much 
corrsp. pixels 
move)

Do we have enough to know what is Z?

Yes, similar triangles!

<latexit sha1_base64="P09xX9QXZWh1y/wHIr1HChGg5qU="></latexit>

d1
<latexit sha1_base64="tMOUPa8VKKTC13CsL3ILLvPTw6o="></latexit>

d2

Base of         : 
<latexit sha1_base64="5lsbtcDN1wLc+PZAXx+uRRXhdo0="></latexit>

B � (d1 + d2)

<latexit sha1_base64="1j0z16Txf0HVRx/Xa/M4jfG0kgU="></latexit>

= B � (ul � ur)
<latexit sha1_base64="1j0z16Txf0HVRx/Xa/M4jfG0kgU="></latexit>

= B � (ul � ur)

<latexit sha1_base64="tMOUPa8VKKTC13CsL3ILLvPTw6o="></latexit>

d2
<latexit sha1_base64="P09xX9QXZWh1y/wHIr1HChGg5qU="></latexit>

d1
<latexit sha1_base64="1j0z16Txf0HVRx/Xa/M4jfG0kgU="></latexit>

= B � (ul � ur)
in image 

coordinates:

<latexit sha1_base64="AypJALtA6h3sVLMH9k2rP+HZ0dM="></latexit>

B � (ul � ur)

z � f
=

B

z
<latexit sha1_base64="mtrCoNCTgK8U3sXau0u213xDHMk="></latexit>

z =
fB

ul � ur



Try with your hands!



Depth is inversely proportional to 
disparity

0

∞

depth disparity

Max disparity 

0

disparity

<latexit sha1_base64="mtrCoNCTgK8U3sXau0u213xDHMk="></latexit>

z =
fB

ul � ur

<latexit sha1_base64="jdxxd8WBKpx+duYSL3tXTgZ+2H4="></latexit>

z / 1

ul � ur
=

1

d

what is the disparity of the closer point?
what is the disparity of the far away point? 

Disparity gives you the depth information!



Try again

1. Setup so your fingers are on the 
same line of sight from one eye

2. Now look in the other eye
They move!

Relative displacement is higher as 
the relative distance grows

== Parallax



Parallax

Parallax    = from ancient Greek parállaxis
= Para (side by side) + allássō, (to alter)
= Change in position from different view point

Two eyes give you parallax, you can also move to see more 
parallax = “Motion Parallax”

parallax!



Why you need translation to 
see parallax i.e. relative depth



Why you need translation to 
see parallax i.e. relative depth



So how do we get depth?

• Find the disparity!
• Called: Stereo Matching 

of corresponding points!



Where is the corresponding point 
going to be? 

Hint



epipolar
lines

Epipolar Line

(x1, y1) (x2, y1)

x1 –x2 = the disparity of pixel (x1, y1)

Two images captured by a purely horizontal translating camera
(rectified stereo pair)



Your basic stereo algorithm

For every epipolar line:

For each pixel in the left image
• compare with every pixel on same epipolar line in right image
• pick pixel with minimum match cost

Improvement:  match windows, + clearly lots of matching strategies

Slide credit: Noah Snavely



Your basic stereo algorithm



Correspondence problem

Source: Andrew Zisserman



Intensity profiles

Source: Andrew Zisserman



Correspondence problem

Source: Andrew Zisserman

Neighborhood of corresponding points are  similar 
in intensity patterns.



Normalized cross correlation

Source: Andrew ZissermanSimilar to MOPS descriptor computation



Correlation-based window matching

Source: Andrew Zisserman



Dense correspondence search

For each epipolar line
For each pixel / window in the left image

• compare with every pixel / window on same epipolar line in right image

• pick position with minimum match cost (e.g., SSD, correlation)

Adapted from Li Zhang Grauman



Textureless regions

Source: Andrew Zisserman

Textureless regions are 
non-distinct; high 
ambiguity for matches.

Grauman



Effect of window size

Source: Andrew Zisserman Grauman



Effect of window size

W = 3 W = 20

Figures from Li Zhang

Want window large enough to have sufficient intensity 
variation, yet small enough to contain only pixels with about 
the same disparity.

Grauman



Issues with Stereo

• Surface must have non-repetitive texture

• Foreshortening effect makes matching a challenge

Slide Credit: Shree Nayar



Stereo Results

Ground truthScene

– Data from University of Tsukuba



Results with Window Search

Window-based matching
(best window size)

Ground truth



Better methods exist...

Energy Minimization
Boykov et al., Fast Approximate Energy Minimization via Graph Cuts, 

International Conference on Computer Vision, September 1999.

Ground truth

http://www.cs.cornell.edu/rdz/Papers/BVZ-iccv99.pdf


Summary

• With a simple stereo system, how much pixels 
move, or “disparity” give information about 
the depth

• Correspondences to measure the pixel 
disparity



Many problems in 3D

Camera 
(Motion)Correspondences

3D Points 
(Structure)



Camera Calibration

Camera 
(Motion)Correspondences

3D Points 
(Structure)

KNOWN
UNKNOWN

KNOWN



Stereo (w/2 cameras); 
Multi-view Stereo

Camera 
(Motion)Correspondences

3D Points 
(Structure)

KNOWN

UNKNOWN

(Estimated)



Camera helps Correspondence:
Epipolar Geometry

Camera 
(Motion)Correspondences

3D Points 
(Structure)

Relationship



Correspondence gives camera:
Epipolar Geometry

Camera 
(Motion)Correspondences

3D Points 
(Structure)

Relationship



(Next lecture) Ultimate: 
Structure-from-Motion/SLAM

Camera 
(Motion)Correspondences

3D Points 
(Structure)

UNKNOWN

UNKNOWN
ESTIMATED

The starting point for all problems where you can’t calibrate actively



New: Neural Rendering

Camera 
(Motion)Correspondences

3D Representation
(Structure)

UNKNOWN

KNOWN

A form of multi-view stereo, more on this in the NeRF lecture.



Next: Uncalibrated Stereo

• Assume intrinsics are known (fx, fy, ox, oy)

• From two arbitrary views

Slide Credit: Shree Nayar


